
VOL. 29, NO. 12, DECEMBER 1991 AIAA JOURNAL 2197

Experimental and Theoretical Analysis of Composite I-Beams
with Elastic Couplings

Ramesh Chandra* and Inderjit Choprat
University of Maryland, College Park, Maryland 20742

This paper presents a theoretical-cum-experimental study on the static structural response of composite I-
beams with elastic couplings. A Vlasov-type linear theory is developed to analyze composite open section beams
made out of general composite laminates, where the transverse shear deformation of the beam cross section is
included. In order to validate this analysis, graphite-epoxy and Kevlar-epoxy symmetric I-beams were fabricated
using an autoclave molding technique. The beams were tested under tip bending and torsional loads, and their
structural response in terms of bending slope and twist was measured with a laser optical system. Good correlation
between theoretical and experimental results is achieved. A 630% increase in the torsional stiffness due to
constrained warping is noticed for graphite-epoxy beams with slenderness ratio of 30. Also extension-twist
coupling "B16" of flanges of these I-beams increases the bending-torsion coupling stiffness of beams manyfold.
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Nomenclature
2h = width and height of I-beam
E2 = Young's moduli in principal directions of

plies of beam
= shear modulus of plies in principal plane
= stiffness matrix for beam
= bending curvatures referring to plate

segment
/ = length of I-beam
M5, M2, Msz = moment resultants referring to plate

segment
Mx, My = bending moments referring to beam
MM = bimoment (or warping moment) referring

to beam
TV = axial force referring to beam
Ns, Nz, Nsz = stress resultants referring to plate segment
w, s, z = coordinate system for plate segment,

Fig. Ib
P = applied force at tip of beam
T = torsion moment referring to beam
T = applied torsion at tip of beam
U, V, W = displacements in jc, y, z directions, referring

to beam
u, v, w = displacements in «, s, z directions, referring

to plate segment
Vx, Vy = shear forces in x, y directions, referring to

beam
x, y, z = coordinate system for I-beam, Fig. la
£

s> ez> £sz = membrane strains referring to plate
segment

exz, syz = transverse shear strains for the beam in xz
and yz planes, respectively

^ = constrained warping parameter
ju,12 = Poisson's ratio of plies in principal plane
o-s, C7Z, crsz = stress field referring to plate segment
9 = warping function
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(f)x, (f>y, c/)z = rotations about x, y, z axes, referring to
beam

( )' = differentiation with respect to z coordinates
of beam

( y6> = bottom flange of I-beam
() ( r ) = top flange of I-beam
( )(vv) = web of I-beam

Introduction

T HIN-WALLED composite beams with closed and open
cross sections are widely used in aerospace structures, in

particular in the construction of helicopter rotor blades. Through
the control of lamination parameters (i.e., ply orientation and
stacking sequence), such structural couplings, as bending-
twisting and extension-twisting, are introduced. Traditionally,
the necessary couplings used in helicopter rotors, such as
pitch-flap and pitch-lag, are introduced by mechanical means.
Past studies1-2 have shown that elastic couplings due to com-
posites have strong influence on blade dynamic characteris-
tics, including aeroelastic stability, vibration, dynamic stresses,
and loads. Beams are categorized as symmetric and antisym-
metric based on their lay-ups. In a symmetric configuration,
the ply lay-ups on opposite flanges are symmetric with respect
to the mid-axis of the section, whereas for an antisymmetric
configuration, the ply lay-ups on opposite flanges are of re-
versed orientation. The symmetric configurations result in
bending-twist and extension-shear couplings, whereas anti-
symmetric-configuration beams experience extension-twist and
bending-shear couplings.

In order to validate the simple structural model employed
in the above mentioned aeroelastic analyses, thin-walled com-
posite box beams with bending-twist and extension-twist cou-
plings were fabricated out of graphite-epoxy plies using an
autoclave molding technique.3 The experimental values of
bending slope and twist under bending, torsional and exten-
sional loads, measured by using a laser optical system, were
compared with theoretical values. The correlation was satis-
factory for extension-twist coupled beams; however for bend-
ing-twist coupled beams, the correlation was less satisfactory.
This showed the need to improve the modeling of composite
thin-walled beams. Consequently, in a subsequent study,4 the
structural modeling was modified where warping, transverse
shear, and appropriate representation of inplane elasticity
were included. This modified structural model improved the
correlation with experimental data for several different com-
posite beams. Experimental and analytical studies on the vi-
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bration characteristics of thin-walled composite box beams
under rotating conditions were carried out in Ref. 5. For this,
a specialized facility, a 10-ft-diam vacuum chamber, was used
to test rotor models in the absence of aerodynamic forces.
The natural frequencies and mode shapes of the composite
box beam were correlated successfully with the theoretical
values obtained using Galerkin's method (continuum ap-
proach). Again, this showed the importance of nonclassical
effects such as section warping and transverse shear on the
free vibration characteristics of composite beams. There are
other investigations on closed cross section beams ranging
from simple analytical models6"9 to detailed finite element
models.10'12 Thus a better understanding of thin-walled closed-
section composite beams under static and dynamic loads than
of open-section composite beams is seen.

Such open-section composite beams as I-beams are used in
the fabrication of flex beams (root end) of a bearingless rotor.
Hong and Chopra13 showed that bending-twist and extension-
twist couplings introduced through ply orientations in I-beams
influenced the blade dynamics of bearingless rotors signifi-
cantly. The structural model used in that study was based on
the solid section approach; constrained warping and trans-
verse shear effects were not considered. Rehfield and Atilgan14

presented a buckling analysis of composite open-section beams.
The wall thickness of the beam was assumed to be thin enough
to neglect its bending stiffness, but the transverse shear de-
formation of the beam cross section was accounted for.

Development of beam theory (open as well as closed sec-
tion) essentially addresses the reduction of two- or three-
dimensional stress and displacement fields to one-dimensional
generalized force and displacement fields. Vlasov15 and
Gjelsvik16 presented an isotropic beam theory wherein two-
dimensional stress and displacement fields were identified with
those of plate or shell segments of the beam. The plate/shell
displacements were related to the generalized beam displace-
ments through geometric considerations, whereas the plate/
shell stresses were connected to the generalized beam forces
via the virtual work principle. Bauld and Tzeng17 extended
Vlasov's theory to open-section beams made out of midplane
symmetric composite laminates.

In the present investigation, Vlasov's theory is expanded
to analyze open sections like I-beams made out of general
composite laminates in which transverse shear effects are also
included. In order to provide experimental correlation of the
analysis, graphite-epoxy I-beams of five different configura-
tions were fabricated using an autoclave molding technique.
These beams were cantilevered and tested under bending and
torsional loads, and their static structural response in terms
of bending slope and twist was measured using a laser optical
system. To simulate the boundary conditions of the beams in
the experiment, theoretical results are obtained for con-
strained warping at clamped and loading edges. The adequacy
of modeling is checked from the comparison of predicted and
measured results.

Analysis
The present theory uses three coordinate systems: an or-

thogonal Cartesian coordinate system (*, y, z) for the beam
(Fig. la); an orthogonal coordinate system («, s, z), for any
plate segment of the beam (Fig. Ib), where the n axis is normal
to the midsurface of any plate segment, the s axis is tangential
to the midsurface and is along the contour line of the beam
cross section, and the z axis is along the longitudinal axis of
beam; and a contour coordinate system s, where s is measured
along the contour line of the cross section from a judiciously
selected origin (Fig. Ic). The seven generalized bar forces Vx,
Vy, Vz,Mx,My, 7, and MM are shown in Fig. Ib. The torsional
moment T consists of unconstrained warping torsion (Saint
Venant torsion), and constrained warping torsion (Vlasov tor-
sion). As shown later, the Vlasov torsion and bimoment M^
are related to each other. The stress resultants, moment re-

sultants, and transverse shear forces acting on any general
plate segment of beam are shown in Fig. Ib. The plate stress
and displacement fields are functions of s and z.

The essence of this theory is the reduction of two-dimensional
stress and displacement fields to one-dimensional beam forces
and displacements.

Fundamental Assumptions
Three basic assumptions used in the present theory are:
1) The contour (midline of the plate segments) of a cross

section does not deform in its plane. This means that the
inplane warping of the cross section is neglected and the nor-
mal strain ss in the contour direction is neglected in compar-
ison with the normal axial strain ez. This assumption was
introduced by Vlasov.15

2) The normal stress as is neglected in comparison with &z.
3) Any general plate segment of the beam behaves as a

thin plate. This implies that the transverse shear deformation
of the plate segment is not accounted for, although the trans-
verse shear deformation of the beam is considered.

These assumptions imply that the nonzero membrane strains
and bending curvatures for the plate segment are ez, esz, kz,
and ksz. An additional assumption due to layered composite
material of the beam is:

4) A general plate segment of the beam is governed by
linear classical laminated plate theory.

General Plate
Segment
Y

Fig. la Coordinates in I-beam.

,————————, Ms

Stress and moment resultants acting on any
general plate segment of I-beam

Mv

Generalized Bar Forces

Fig. Ib Bar forces and plate forces.
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Kinematics
From geometric considerations (Fig. Ic), the plate displace-

ments w(z, s) and v(z, s) are related to the beam displacements
U, V, and <J)Z as

w(z, s) - U(z) sine(s) - V(z) cose(s) - q(s)^z(z) (1)

v(z, 5) - U(z) cose(s) + V(z) sine(s) + r(s)<l>2(z) (2)

where r, q, and 9 are shown in Fig. Ic.
The axial displacement w(z, 5) is determined from the fol-

lowing shear strain-displacement relation:

ea = w,5 + v, (3)

Vlasov made another geometric assumption that states that
the shear strain szs is negligible and therefore is set to zero.
However, in the present analysis the shear strain is nonzero
due to transverse shear deformation of the beam. Again, from
geometric considerations and strain transformation law

(4)

(5)

Using relations (3) and (4), w(z, s) is obtained as

w(z, s) = W + x<l>x + y<t>y - <p#

where cp is a warping function and is expressed in terms of
sectorial area

cp = \
Js

= r ds
Js

** = e« - U'

ty = By, ~ V

Plate strain ez is related by the following equation:

** = w.*

Using relations (5) and (7), ez is obtained as

(6)

(7)

(8)

Similarly kz and kzs are obtained as

kz = -sin64>'x + cosOfy - q$'z + e'xz sine - s'yz cos0 (9)

kzs = ~2& (10)

Thus the nonzero membrane strains and bending curvatures
in the plate segment are given by relations (8), (4), (9), and
(10).

Plate Stress Field
Using classical laminated plate theory, the stress resultants

and moment resultants are

Nz = Ausz

Nzs = Al6ez

Mz = Buez

Mzs = Bl6ez

Bnkz Bl6fczsAl6ezs

A66ezs

Bl6szs

B66ezs + Dl6kz + D66kzs

Bl6kz

Dnkz

B66kzs

Dl6kzs

(11)

where [A], [B], and [D] are defined in the Appendix.
Here, the flanges and web of I-beams are treated as general

composite laminates. It is to be noted that Bauld and Tzeng17

considered these as symmetric with respect to their midsur-
faces (in-plane-bending coupling stiffness matrix [B] was ne-
glected), whereas Rehfield and Atilgan14 neglected the bend-

s,v

P,W

Fig. Ic Pictorial definitions of beam displacements and rotation.

ing stiffnesses of these segments. This means that only
membrane behavior was captured in Ref. 6.

Bar Forces and Their Equilibrium Equations
The generalized forces of bar and their equilibrium equa-

tions are derived by applying the principle of virtual work.
This approach is similar to the one used by Gjelsvik16 except
the transverse shear deformation of the bar was not taken
into account. The external work done by the shell/plate forces
during a displacement of the cross section is

We = I [Nzw + Mzu' + Nzsv - Qzu - MZA1
Js

(Mix -MIX) (12)

Using relations (1), (2), and (5) and taking the variation of

8We = N8W + VXSU + Vy8V + T8& +

+ My84>x + MMy + Fx8eX2 + Fy8eyz

where

TV = I Nz ds

Vx = I (Nzs cose - Qz sine) ds
Js

+ ^ (M(s sin0' - ML sin0')
branches

Vy = j (Nzs sine + Qz cose) ds

~~ - ML sin0')

T = I (Nzsr + Qzq - Mzs) ds
Js

4- y ( — Mj QJ 4- M' a1}' Z^j \ ivi zs1! * 1V* zs*i )
branches

Mw = - (A^tp + M7q
Js

(13)

(14)

(15)

(16)

(17)

(18)
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Mx = (Nzy + M2 cosfl) ds
Equilibrium equations for bar forces are obtained by con-

(19) sidering a bar element and equating the external work to
internal work for any virtual displacement. Thus these equa-
tions are

ir±v — i {it z*\, JLYJL z 3li*uj uo V^W

Fx = \ Mz sind ds (21)
Js

Fy = -J M2cos0ds (22)

It is difficult to compute the generalized bar forces Vx, Vv,
and Tfrom relations (15), (16), and (17) because of the con-
tributions from different branches. These are simplified by
using equilibrium equations of plate/shell forces16:

Vx = -M'y (23)

Vy = M'x (24)

T = Ts + rw (25)

where Ts is Saint Venant torsion (free warping) and TM is
Vlasov torsion (constrained warping). These are defined as

Ts= -2 Mzsds (26)
Js

TM = (Nzsr + M'zq) ds (27)
Js

By using the plate/shell equilibrium equation, relation (27) is
simplified to

T» = -Ml (28)

V'x + vx = 0 (35)

V'y + vy = 0 (36)

N' + n = 0 (37)

T + t = 0 (38)

Mi + T - Ts + mM = 0 (39)

Mf
y + Fx + my = 0 (40)

M; -^ + 771^ = 0 (4i)
F; - Gx + fx - 0 (42)

Fy - Gy +fy = Q (43)

By eliminating Vx, Vy, and T, the equations are reduced to
six equations:

TV' + n = 0 (44)

M"y + m'y - vx = 0 (45)

M'x + m'x + vy = 0 (46)

ML - T's + < - r = 0 (47)

^i - G, + /, = 0 (48)

F; - Gy + fy = 0 (49)
This gives the relationship between Vlasov torsion and warp-
ing moment (or bimoment). The external virtual work done
by the applied loadings on the shell/plate is

p8W + vx8U + vy8V + t8(j)2 + mjb<i>"z

+ my8<t>x + mx8cf)y + fx8exz + fydeyz (29)

where p, vx, vy, t, m^ my, mx, fx, and/y are generalized load
intensities on the beam, derived from the loadings on shell.16

The strain energy II is given as

n = \ \ (Nzez
2 Js

Nzsezs + Mzkz + MzskJ ds (30)

Using the relations between bar forces and shell forces, the
strain energy becomes

Bar Forces-Displacement Relations
There are nine generalized bar forces, namely N, My, Mx,

A/a,, Ts, Fx, Fy, Gx, and Gy, appearing in the above equations.
These nine generalized bar forces are related to six general-
ized displacements. Using plate stress-strain relations (11) and
plate strain-beam displacement relations (8), (4), (9), and
(10), the relations between the generalized bar forces and
displacements for a general case are obtained (see Ref. 18).

Symmetric I-Beams Under Bending and Torsional Loads
For I-beams with identical flanges and orthotropic webs

(the coefficients A16> A26, D16, and D26 of [A] and [D] matrices
are zero), the force-displacement relations are simplifed to

(50)
E = i[AW + Myfc + Af>; + T<t>'z + MM

+ Fxexz + Fye'yz + Gxext + Gyeyz]

The internal virtual work W{ is obtained from the strain energy
as

- Wf = NW + My<t>'x + Mxcf>f
y + Tfc + M^"z

+ Fxexz + Fye'yz + Gxexz + Gyeyz

where

G, = A^2S cos^ ds
Js

Gy = I Nzs sin6» ds

, the -^y-
G^ =
Gy-

(31) " A/r
iergy MW

(32) "
/^22 0 0
0 K33 0
0 0 K44

(33) ^ 0 0
^ ) V K3S 0

0 K29 0

(34)

" j^" 1̂ - Tf ' "\\7'~

Tf -[/• r\
^16 ^66 U ^z

_K17 0 ^77. .£y2.

^25 o o o K29~ "0;""
o o o A:38 o </>x
0 0 0 0 0 (f)"zK55 o o o #59 c/>;
0 0 0 K88 0 e'xz
0 K59 0 0 K99 e'yz

(51)
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where Ktj coefficients are given in the Appendix. It is to be
noted that the symmetric beams have extension-shear and
bending-twist couplings. From relation (51)

Bending:

(52)

(53)

Mx = K22(f)'v + K25(f>z + K-29£'yz

Torsion:

T f JL' i f JL' i_ V ^'
ls = &25<t>y + ^55<Pz + K-59^yz

Using relation (6), these equations become

Mx = K22(s'y2 - V") + K25<t>'z + K29e;,2 (54)

T. = K25(E'yz - V") + K55<t>

eyz is obtained by inverting Eq. (50) as

K59e'yz (55)

£z = L17N + L77G (56)

where [L] = [K]-\ [K] is given in Eq. (50).
For a bar subjected to bending or torsional loads at the tip,

e'yz = 0. Hence Eqs. (54) and (55) are reduced to

= -K22V"

Ts = -K25V"

(57)

(58)

It is important to note that the transverse shear does not
influence the bending and torsional behavior of these beams
under tip loadings. However, it will influence the behavior
for loadings that result in nonzero e'yz. Including the contri-
bution of constrained warping on torsion from relation (28)
via Mcu, Eq. (58) is modified to

T= - >'z - K2SV" (59)

The bending and torsional behavior of the symmetric I-
beams is governed by Eqs. (57) and (59). These equations
are solved for cantilever beams as follows.

Tip tonlonal load:

Mx = 0; T = T (60)

Equations (57) and (59) are combined to give

K»V - (Ka)& = - T (61)

where (K55)r = K55 - (K\SIK22).
The general solution of Eq. (61) is

T= A + B sinhAz + C coshAz (62)

where

A2 = (K55)r/K^ (63)

The arbitrary constants involved in the solution are deter-
mined using the boundary conditions. The boundary condi-
tions associated with bending are well known. Gjelsvik16 gives
a good account of various boundary conditions associated with
torsion. It is worth recapitulating here that <^ is zero at a
boundary where warping deformation is restrained. At this
boundary, the Saint Venant torsion is zero and the total tor-
sion transmitted to the support is the constrained warping
torsion. At a boundary where warping is permitted, Mw and
therefore 4>" is zero.

Because the present analysis is compared with experiment,
the boundary conditions simulated in the experiment are con-

sidered. Constrained warping is considered at both the bound-
aries, clamped and loading ends. These are as follows.

Clamped end:

= 0) = 0; &(z = 0) = 0; V'(z = 0) - 0

Loading end: (64)

(z = /) = 0

These refer to the constrained warping at clamped and loading
ends.

The expressions for twist and induced bending slope are

I cosh/x — 1 .
Az - sinhAz + ——~——— (coshAz -sinh/x (65)

T 1
(K55)r A

Az - si
. t coshu — 1 ,

sinhAz + —————— coshAz

where

• \L = A/ =

Tip Bending Load:

Mx = P(z - I T = 0

(66)

(67)

(68)

Equations (57) and (59) are solved for the above loading and
the arbitrary constants are evaluated by using the boundary
conditions given by relation (64). Thus the bending slope and
induced twist are

+ K? (z2 - 2/z)

K2 PI
"FT TTFT [coth^(coshAz - 1) - sinhAz] (69)

PI
^22^(^5s)r

x coth/i(coshAz - 1) - sinhAz + — (70)

It is to be noted that the influence of direct transverse shear
is neglected in the bending slope relations (66) and (69).

In order to evaluate the influence of constrained warping
on the torsional behavior of these beams, torsional stiffness
is determined as the applied tip torsion per unit tip twist from
Eq. (65):

Torsional stiffness (TS) = - 2 tanh(ju/2) (71)

Torsional stiffness corresponding to free warping torsion is
obtained from relation (61):

(TS), = / (72)

It is convenient to represent the total torsional stiffness as
relative torsional stiffness (RTS) with respect to free warping
torsional stiffness.
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RTS = - 2 tanh(/i,/2) (73)

It is interesting to note that the relative torsional stiffness
is controlled by an important parameter JJL. The ^ as defined
by Eq. (67) depends upon the coefficients of stiffness matrix
and length of I-beam. Thus, the influence of geometry and
material on the torsional behavior of the I-beam is felt through
this parameter.

In order to examine the bending-torsion behavior of these
beams in the absence of constrained warping effects, the bend-
ing slope and induced twist of a symmetric I-beam subjected
to a tip bending load are obtained using relations (57) and
(59):

2(K22)r
- 2/2) (74)

(75)

where (K22)r = K22 - (K2
25/K55).

Relative induced twist defined as the ratio of induced twist
to bending slope at tip is

Relative induced twist = K25/K5.

Symmetric I-Beams Under Extensional Loads
Extensional load is

N = N, G = Gv = 0

(76)

(77)

Inverting relation (50) and integrating with respect to z gives

(78)w - ,

where

(79)

Extensional stiffness (ES), which is defined as the load per
unit tip extension, is computed from relation (78):

ES = Ku/l (80)

Extensional stiffness is represented as relative extensional
stiffness (RES) with respect to the extensional stiffness with-
out transverse shear:

RES 4- (81)

Experiment
In order to validate the analysis, bending-torsion coupled

composite I-beams were built by employing an autoclave
molding technique. Figure 2 shows the details of fabrication
of beam specimens. Graphite-epoxy or Kevlar-epoxy prepeg
layers were laid up on a metal mold which consisted of two
parts. Each of these parts would yield beams of channel sec-
tion. For the fabrication of I-section beams, each part of the
mold was wrapped with the desired number of prepeg layers.
These layers were compacted by applying vacuum between
the mold and lay-up. The two parts of the mold were placed
back to back and additional layers were introduced on the
top and bottom flanges. Peel ply was wrapped to provide the
surface finish of the beam. In order to bleed out excess resin
and to permit the escape of volatiles during the curing process,
a number of bleeder and breather layers were then applied.

Lay-up

Locating Pin
Molds

Fig. 2 Fabrication of a composite I-beam.

The lay-up was cured in a microprocessor-controlled auto-
clave as per the curing cycle given by the manufacturer. At
the end of the cure cycle, the lay-up was removed from the
autoclave, and then the vacuum bag, bleeder, breather, and
release plies were removed, and the beam was released from
the mold. Thus composite I-beams with a length of 36 in. and
three different slenderness ratios were built.

Table 1 shows the details of I-beams involving five different
configurations. These beams are symmetric with respect to
midplane; the beams with the angle plies in the flanges have
bending-torsion coupling. These I-beams were tested for their
static structural response under tip bending and tip torsion
loadings separately. A simple test setup,3 where loads were
applied by means of pulleys and dead weight, was used for
these tests. In order to avoid buckling of the web while clamp-
ing, the web was reinforced with stiff plates and five bolts
(Fig. 3). At the loading end, a special fixture was used to
ensure that the bending load passes through the shear center,
Warping displacements at the clamped and loading ends were
constrained in this test setup. The structural response was
measured in terms of bending slope and elastic twist at dif-
ferent spanwise stations. These were determined by measur-
ing the rotations of 0.165-in.-diam mirrors in two orthogonal
planes, surface-mounted along the span of the test beams. A
2-mW helium-neon laser was used as a light source for this
setup.

Results and Discussion
The present analysis is validated with measured results

keeping in view three important aspects of open-section beam
theory. These are constrained warping effects, slenderness
ratio, and fiber orientation and stacking of plies of beam. The
slenderness ratio is defined as the ratio of effective length to
height of the beam.

The variation of relative torsional stiffness in terms of Saint
Venant torsion for a cantilevered I-beam subjected to tip
torsional load is illustrated in Fig. 4 for different values of /*,.
It is seen from this figure that the relative torsional stiffness
decreases with an increase in JJL, and reaches an asymptotic
value of 1, which refers to free warping torsion case. The
parameter JJL determines the influence of constrained warping
on torsional stiffness of the beam, and is a function of cross-
sectional stiffnesses and length. It is to be noted that the
influence of constrained warping effects on relative torsional
stiffness becomes very significant for low value of IJL. For a
large value of ^, (larger than 40), the effect of constrained
warping on torsional stiffness is negligible and hence its be-
havior is controlled by Saint Venant torsion. For a 0/90 CRP
I-beam with slenderness ratio of 15 (CRP1), the relative tor-
sional stiffness is 83, whereas this value for a 0/90 CRP I-
beam with slenderness of 30 (CRP2) is 6.37. The influence
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Table 1 Details of thin-walled composite I-beams

Cases
CRP1
CRP2
CRP3
CRP4
CRP5

Width and
height, in.

2 x 2
1 x 1

1 x 0.5
1 x 0.5
1 x 0.5

Flanges
Top

[0/90]4
[0/90]4
[0/90]4

[0/90]3/[15]2
[0/90]3/[30]2

Bottom

[0/90]4
[0/90]4
[0/90]4

[0/90]3/[15]2
[0/90]3/[30]2

Web
[0/90]4
[0/90]4
[0/90]4
[0/90]4
[0/90]4

Length = 36 in.; number of layers = 8. Carbon reinforced plastic (CRP) I-
beam: El = 20.59 x 106 psi, E2 = 1.42 x 106 psi, G12 = 0.89 x 106 psi,
H12 = 0.42. Ply thickness = 0.005 in.; wall thickness = 0.04 in.

Loading end

Clamped end

Force direction

Force direction

aa

Fig. 3 Details of clamped and loading ends of I-beam.

of composite material on relative torsional stiffness is illus-
trated by comparing the results for a 0/90 CRP I-beam with
slenderness ratio of 60 (CRP3) and for an identical aluminum
I-beam. It is to be noted that the value of relative torsional
stiffness for a CRP3 I-beam is 2.62, whereas for an aluminum
I-beam, this value becomes 1.52. This shows that the effect
of constrained warping on torsional stiffness is smaller for
isotropic materials than for composites. Figure 5 illustrates
the effect of constrained warping on the theoretical and ex-
perimental values of relative torsional stiffnesses of 0/90 CRP
I-beams for two slenderness ratios. A good correlation be-
tween theory and experiment is seen only when constrained
warping is included in the analysis. The effect of constrained
warping on torsional stiffness is very substantial and becomes
larger for smaller slenderness ratios.

Figure 6 represents the distributed bending slope of a 0/90
symmetric graphite-epoxy I-beam of slenderness ratio 60
(CRP3) subjected to a unit tip bending load. Figure 7 shows
the twist distribution of this beam subjected to unit tip tor-
sional load. This beam has no bending-torsion coupling. Very

Relative
torsional
stiffness

y CRP 2 CRP 3
M- = 1.53 M- = 2.89

Aluminum I-beam
U = 6.45

0.1 1 10 100

Constrained Warping Parameter, (I

Fig. 4 Variation of relative torsional stiffness of I-beams with con-
strained warping parameter.

10

Relative 6 -
torsional
stiffness

Graphite-epoxy
Saint Venant
Present Theory
Experiment

Lay-up of I-Beam:
Flanges: [0/90]4

Web: [0/90]

Slenderness ratio = 30 Slenderness ratio = 60

Fig. 5 Torsional stiffness of symmetric graphite-epoxy I-beams under
tip torsional load.
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0.006 :
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0.002

0.001

Lay-up of I-Beam:
Flanges [0/90]
Web [0/90]

0 0.2 0.4 0.6 0.8 1
Non-dimensional spanwise coordinate

Fig. 6 Variation of bending slope in symmetric graphite-epoxy I-
beam (CRP3) under unit tip bending load.

good correlation between theory and experiment is noticed
from these figures. It is to be noted from Figs. 6 and 7 that
this beam is many times softer in torsion as compared to
bending. The ratio of torsional flexibility (tip twist per unit
torsional load) to bending flexibility (tip bending slope per
unit bending load) is about 35. This is not surprising for an
open cross section such as I-beam.

Figure 8 shows the bending slope and induced twist of a
symmetric graphite-epoxy 15-deg I-beam (CRP4) subjected
to a unit tip bending load. This beam results in bending-
torsion and extension-shear couplings. A very good correla-
tion between theory and experiment is achieved for this beam.
Also, it is to be noted that the induced twist is about four
times the bending slope for this beam under bending load.
Figure 9 shows the spanwise variation of twist of this beam
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Twist 0.16 -
radians

0.12 -

0 0.2 0.4 0.6 0.8 1
Non-dimensional spanwise coordinate

Fig. 7 Variation of twist in symmetric graphite-epoxy I-beam (CRP3)
under unit tip torsional load.

—— Theory
• Experiment

0.03 -
Bending slope
induced twist

radians 0.02 -

o.oi -

0 0.2 0.4 0.6 0.8 1
Non-dimensional spanwise coordinate

Fig. 8 Variation of bending slope and induced twist in symmetric
graphite-epoxy I-beam (CRP4) under unit tip bending load.

Twist 0.16 -
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0.12 -

Lay-up of I-Beam:
Flanges [0/90y[15]
Web [0/90]

0 0.2 0.4 0.6 0.8 1
Non-dimensional spanwise coordinate

Fig. 9 Variation of twist in symmetric graphite-epoxy I-beam (CRP4)
under unit tip torsional load.

under a unit tip torsional load. Correlation between theory
and experiment is generally satisfactory except near the tip.
The torsion induced-bending slope for this beam is too small
and therefore is not represented in this figure.

The bending slope and induced twist of a symmetric 30-deg
graphite-epoxy I-beam (CRP5) subjected to a unit tip bending
load are presented in Fig. 10. Very good correlation between
theory and experiment is seen in this figure. The induced twist
is about five times the bending slope for this beam under
bending load. Figure 11 shows the twist variation along the
span of this beam under a unit tip torsional load. Good cor-
relation between theory and experiment is noticed for this
beam.

As seen from relation (A2), the bending-corsu coupling
stiffness K25 for composite I-beams depends upon B16 and Z))6
stiffness coefficients of flanges. B16 refers to extension-twist
coupling and Z)16 refers to bending-twist coupling of the plate
segment of the I-beam. It is possible to select the flanges such
that B16 is zero; meaning that the flanges are symmetric with
respect to their own mid surfaces. It is interesting to examine
the sensitivity of bending-torsion coupling K25 to B16 and D}6.
The 15-deg symmetric graphite-epoxy I-beams discussed ear-
lier are made out of flanges that are not symmetric with re-
spect to their own midplanes. Hence B16 for these beams is
nonzero. Figure 12 shows the influence of Z?16 on bending
slope and induced twist of these beams subjected to a unit
tip bending load. For comparison purposes, the results are
given for beams with B16 = 0. It is interesting to note that
for these beams, it is B16 that produces the bending-torsion
coupling in I-beams. The contribution of D16 is too small to
be presented in this figure.

Figure 13 shows the influence of constrained warping effects
on the relative induced twist with respect to the bending slope,
of various I-beams subjected to tip bending loading. It is
interesting to note that the constrained warping reduces the
induced twist via increase in torsional stiffness.

Figure 14 shows the influence of transverse shear defor-
mation on extensional stiffnesses of graphite-epoxy I-beams
(CRP4 and CRP5). It is to be noted from this figure that the
transverse shear, through extension-shear coupling, reduces
the extensional stiffness of the beam; the amount of reduction
depends upon the lay-up of beam. About a 10% reduction in
extensional stiffness is seen for a 30-deg I-beam (CRP5).

Bending slope
induced twist 0.03

radians

0 0.2 0.4 0.6 0.8 1
Non-dimensional spanwise coordinate

Fig. 10 Variation of bending slope and induced twist in symmetric
graphite-epoxy I-beam (CRP5) under unit tip bending load.

Twist
radians

Lay-up of I-Beam:
Flanges [0/90]4/[30]2

Web [0/90]

0 0.2 0.4 0.6 0.8 1
Non-dimensional spanwise coordinate

Fig. 11 Variation of twist in symmetric graphite-epoxy I-beam (CRP5)
under unit tip torsional load.
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Induced twist

Radians

Bending slope
Induced twist

Flanges: [0/90/0/15]s Flanges: [0/90]3/[15]2

B = 0 S B * 0

Fig. 12 Influence of extension-twist coupling stiffness of flanges of
symmetric graphite-epoxy I-beam on its induced twist under tip bend-
ing load.

Free Warping
Mixed Warping
(free and constrained)

CRP4 CRP5

1) The torsional stiffness of I-beams is significantly influ-
enced by restraining the warping deformations of the beam.
About a 260-640% increase in torsional stiffness because of
constrained warping was seen for the graphite-epoxy beams.

2) The structural behavior of I-beams with bending-torsion
coupling is also influenced substantially by constraining the
warping deformations of the beam. Relative induced twist
with respect to bending slope at tip is reduced by about 40%
by constrained warping.

3) The bending-torsion coupled behavior of I-beams is in-
fluenced by bending-twist and extension-twist couplings of its
plate segments. Extension-twist coupling of plate segments
increases the bending induced twist for the beams examined
by about 460-520%.

4) Slenderness ratio controls the influence of warping con-
strained effects on torsional stiffness. Constrained warping
effects enhances the torsional stiffness of shorter beams more
than for slender ones.

5) Transverse shear deformation has a negligible influence
on the structural behavior of symmetric I-beams under bend-
ing and torsional loads.

Appendix: Stiffness Matrix K of I-Beam

K22 =

9/73

C? + A<g\ + — Atf

K25 = 4b[D<» - 7>g]

Fig. 13 Influence of constrained warping on relative induced twist
of I-beam subjected to tip bending load.

(Al)

(A2)

(A3)

Relative
extensional

stiffness

Without transverse shear
With transverse shear

CRP5
30°

Fig. 14 Influence of transverse shear deformation on relative exten-
sional stiffness of I-beams under extensional load.

Conclusion
Vlasov's theory is expanded to perform the linear analysis

of open-section I-beams made out of general composite lam-
inates. Transverse shear deformation of the beams is ac-
counted for in the theory. In order to provide experimental
correlation to the theory, graphite-epoxy I-beams covering
various parameters, such as fiber orientation and stacking
sequence of plies and slenderness ratios, were fabricated using
an autoclave molding technique. These beams were tested for
their structural response under tip bending and torsional loads,
and bending slope and twist were measured along the length
of the beam. Very good correlation between theory and ex-
periment was achieved. Based on this study, the following
conclusions are made:

K55 = 4b[D$> + D«] + 4/iDg

Kn = 2b[A<$ + A<$\

K16 =

K66 =

^77 = AnSlfft'

# of layers

k=l
Of (**+! -

-I # of layers

Bv = ~ £ Qf(hl+l - hi)
2* k = i

1 # of layers

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(All)

(A12)

Qf^ refers to stiffness matrix of fcth layer or web in sz plane.
hk+l and hk are coordinates of &th layer in n direction from
midplane of laminates as reference surface.
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